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(H parallel to the ¢ axis) appears more strongly tem-
perature-dependent than the mass of the lens orbit
over the poles (H perpendicular to the ¢ axis). A possible
explanation for this is that the bare band masses for
these orbits should be chosen somewhat differently.
For example, if the estimated band mass of the orbit
with H perpendicular to ¢ were increased slightly, this
would readjust the points in Fig. 4 upward, and could
actually change the ordering of the two lens orbits.
To resolve this question, we need either a band-structure
mass calculation or a calculation of the enhancement
N(Ox) for these orbits. It would be an interesting test
of the pseudopotential model of electron-phonon
coupling to attempt the detailed calculation of the mass
enhancement for different orbits. Once the zero-
temperature mass is calculated, there is no added
difficulty in calculating the temperature dependence.
The experimental knowledge of the low-temperature
increase in A\(7) then provides a useful extra check on
the theory of the mass enhancement.

The experimental observation of the maximum in
the mass enhancement as a function of temperature
would be an interesting verification of the theory.

P. B. ALLEN AND M.

L. COHEN 1

Unfortunately, this is a difficult experiment at the
present time, at least by the cyclotron-resonance
method, because of temperature-dependent lifetime
effects which prevent the observation of resonance at
temperatures closer to the Debye temperature.

Note added in proof. Since submitting this paper, we
have learned of several studies of the temperature de-
pendence of the mass renormalization. Apparently the
first was by Eliashberg? who pointed out the existence
of a T?logT term in the electronic specific heat. Grim-
vall? has presented calculations similar to ours for A(T°)
in lead and mercury using experimental values of
o?(w)F (w). Appel® has studied the influence of this
effect on the superconducting transition temperature.
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The single-band tight-binding model of random binary alloys is studied in the limit of second-order self-
consistent perturbation theory, allowing the off-diagonal, as well as the diagonal, matrix elements of the
model Hamiltonian to be dependent upon alloy composition. Fluctuations of both types of matrix elements
about their configurational averages are assumed to be small but comparable, so that the randomness intro-
duced into both parts of the Hamiltonian must be treated on an equal footing. Only nearest-neighbor hopping
between constituent atoms (type 4 or B) is considered, with the hopping integrals parametrized by the three
numbers e, 8, and  for 4-4, B-B, and A-B hopping, respectively. The single-particle alloy spectrum and the
alloy density of states are obtained from an equation for the effective single-particle self-energy using stan-
dard techniques and with the dependence on model parameters explicitly displayed. With the assumption
that y=4%(a+0), the theory is found to be rather simply characterized by the wave-vector-dependent dis-
place ment E4 (k) — Ep(k) of the pure constituent spectra E4 (k) and Ep (k).

I INTRODUCTION

N important contribution to the one-electron
theory of disordered alloys has been Soven’s! in-
troduction of the coherent potential approximation
(CPA), with subsequent development and application

* Supported in part by the Center for Theoretical Physics, the
U. S. Office of Naval Research, and the Advanced Research Proj-
ects Agency.
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to a model alloy Hamiltonian by Soven,? and by
Velicky, Kirkpatrick, and Ehrenreich.?

These authors have shown that, with certain limita-
tions, the CPA provides a powerful and elegant means
of extending the theory of simple binary alloys beyond
the confines of low-order perturbation (or ‘“weak-
coupling”) theory to the regime of relatively large con-

2 Paul Soven, Phys. Rev. 178, 1136 (1969).
3B. Velicky, S. Kirkpatrick, and H. Ehrenreich, Phys. Rev.
175, 747 (1968).



1 EFFECTS OF OFF-DIAGONAL RANDOMNESS

stituent energy level separations.>?® One important
limitation to the practical, and even conceptual, utility
of the CPA is the requirement that the alloy Hamil-
tonian be expressible as a sum of single-site Hamiltonian
contributions, i.e., that

H=} .H,, (1.1)
where H is the alloy Hamiltonian operator and H, refers
to the single site # with regard to both position and con-
stituent occupation. The single-band tight-binding
alloy Hamiltonian?3

H=Y [n)eln|+ § | )| (1.2)

meets the condition (1.1) only if the hopping integrals
Imn are independent of composition. In (1.2), |#) repre-
sents a single atomic orbital at the site #, which may
correspond to an atom of either type 4 or B (we consider
only binary alloys). Associated with each orbital is the
atomic level e,=e€4 or eg. The off-diagonal matrix ele-
ments ¢,,,, which represent the hopping energy, couple
sites m and 7, each of which may be occupied by an 4
or B atom. In the approximation used to develop the
CPA, the {,, are assumed to be independent of the types
of atoms occupying the sites m and #; the off-diagonal
part of (1.2) is then periodic, allowing the decomposition
of (1.2) into the sum of single-site contributions as in
(1.1). The physically important case of alloying con-
stituents which have different bandwidths is, thus, ex-
cluded from the model.

The purpose of the present work is to free the model
somewhat of the above qualifications on the hopping
integrals by allowing both the off-diagonal and diagonal
parts of (1.2) to be random. The model Hamiltonian
then no longer fits into the single-site approximation,
so that a straightforward extension of the coherent
potential scheme is ruled out. Instead, attention is
focused on the considerably more modest goal of study-
ing the effects of off-diagonal randomness on the weak
coupling or perturbative limit, which is appropriate if
fluctuations of the matrix elements of (1.2) about their
configurational averages are sufficiently small. The
perturbative regime has been studied previously,*® of
course, but not explicitly with regard to off-diagonal
randomness in the model defined by (1.2). Given the
role of the restricted form of (1.2) in the development
of the CPA, the weak-coupling theory of the extended
model illuminates some of the difficulties to be encoun-
tered in any attempt to generalize the CPA to the case
of off-diagonal randomness, while also providing the
appropriate perturbative limit when the effects of both
diagonal and off-diagonal randomness are small but not
necessarily with respect to each other.

4R. H. Parmenter, Phys. Rev. 97, 587 (1955).
5 Edward A. Stern, Physics 1, 255 (1965).
6 Edward A. Stern, Phys. Rev. 144, 545 (1966).
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The basic formalism of the present work is the same
employed in Refs. 2 and 3, except that it is tailored here
explicitly to the perturbative regime. The essentials of
the formalism are outlined, for completeness, in Sec.
II. In Secs. IITA-ITIB, the theory is worked out
specifically for the model Hamiltonian (1.2), assuming
that the hopping integrals connect nearest-neighbor
sites only. At the outset, no other restriction is set on the
off-diagonal part of the Hamiltonian. Eventually, how-
ever, in Sec. IIIB, it is assumed for convenience that
the A-B hopping integral is the numerical average of
the A-A and B-B hopping integrals, an assumption
which leads to a simpler characterization of the theory
in terms of the energy spectra of the two consituents.
The effects of off-diagonal randomness on the single-
particle spectrum and density of states of the alloy are
then discussed, respectively, in Secs. IIIB and IIIC.
Some concluding remarks follow in Sec. IV.

II. FORMALISM

The one-electron equilibrium properties of the random
(binary) alloy are derived from the configurational
average (denoted by ( )) of the Green’s-function opera-
tor G(E), which satisfies

(E—H)G(E)=1. (2.1)

Here, H is the alloy Hamiltonian operator given by

(L.1),

H=% [n)eln|+ by |m)ma(n] (2.2)

where the |n) represent single atomiclike orbitals
associated with atoms of type 4 or B, as is appropriate,
at the site #; the 4 and B orbitals are not assumed to be
equivalent. For a given configuration of 4 and B atoms,

the states
[l = N=112 5, e Ra ), 23)

while not periodic, are orthonormal provided that
(m|n)=8un, (2.4)

which is taken to be true for the model. In Eq. (2.3),
N=total number of sites, R, is the position vector of
each site, and the summation is over all sites. Equation
(2.4) assumes that direct overlap between orbitals on
different sites is negligible and that each orbital is nor-
malized to unity over the whole of the crystal; there-
fore, (k|k')=4 . For a given configuration, then, Eq.
(2.1) has the k& representation

(k|G(E) |K)E—% (k| H|Q)q|G(E) [K')=buw . (2.5)

As a starting approximation, we use the virtual* (or
averaged) crystal Hamiltonian operator H,, which is
diagonal in the % representation and defined by

Ho=% |k)E (k) (k| (2.6)
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with

E@k)=((k|H|k)). 2.7
Substituting H, into (2.5) defines the Green’s function
<k] GO(E) 'k,>= BkkrGo(E,k), where

Go(Ek)=(E—E k). (2.8)

Now setting H= Hy+H —H, and using (2.6)-(2.8), Eq.
(2.5) becomes )

(k|G(E) | k') = duwGo(E k)

+Go(Ek) o &|V]g)a|G(E) k), (2.9)
with

V=H—H,. (2.10)

The alloy Green’s function of physical interest is de-
fined by the relations

(k| G(E)|K'))= biwG(E &) (2.11)
and

G(EX)=(E—E(k)—Z(EX)™, (2.12)

where Z(E k) is the effective single-particle self energy
for the alloy. An expression for Z(Ek) is obtained by
iterating Eq. (2.9) and taking the configurational
average of both sides. Using (2.11) and (2.12), one then
finds, to second order in the matrix elements of V,

Z(EK) =2 (&|VIOQ| VIENG(ED+---. (2.13)

The first-order contribution ((k|V|k)) vanishes iden-
tically since the perturbation is referred to the configura-
tionally averaged lattice.

According to (2.13), ImZ(E+10%, k), and, hence, the
spectral density —= ImG(E+1i0%,k) of the Green’s
function vanishes outside the band defined by the
virtual-crystal Hamiltonian H,, while the energy shift
implicit in ReZ(E+10%, k) extends the alloy spectrum
beyond the virtual-crystal band edges. The use of the
self-energy expression given by (2.13), therefore, does
not lead to a self-consistent determination of the bounds
of the alloy spectrum. In the present context, the re-
quirement of self-consistency stipulates that the starting
approximation to the configurationally averaged alloy
Green’s function be so chosen that, to the desired order
of calculation, perturbative corrections vanish, i.e.,
that the perturbation be referenced to the self-deter-
mined effective alloy medium.?? Thus, the necessary
generalization of (2.13) is obtained by replacing H, by
Hy+ K, where K is to be determined but can be taken to
be diagonal in the % representation; (k|K|k')= S
XZ'(EX). With this replacement, the starting approxi-
mation for the Green’s function becomes Go(E.k)
=[E—E(k)—2'(Ek)T", and the operator V in (2.10)
becomes ¥V —K. Proceding as before and iterating Eq.
(2.9) in powers of V—K, one obtains a relationship be-
tween Z(E,k) and Z'(Ek). The self-consisting require-
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ment 2’'=3 then leads to

S(ER = ((k|VIQ)GEY+---, 214

where G(E,k) is given by (2.12) and where the matrix
elements of K, which are at least second-order in ¥, have
been neglected in the average (| (k| V—K|q)|?); these
vertex corrections contribute to Z(Ek), and, hence, to
the poles of G(E,k), only beyond second-order in V. In
the analysis which follows in Sec. III, where the average
appearing in (2.14) is calculated and the summation
performed, only contributions which lead to second-
order corrections to the poles of G(Ek) are retained.

III. APPLICATION TO MODEL
A. Virtual Crystal

In this subsection, the average (| V'|?) which appears
in (2.14) is obtained explicitly in terms of the model
parameters. First, however, the model is defined in
further detail. As discussed in Sec. I, the off-diagonal
hopping matrix elements f,. couple orbitals of either
type A or B on the two sites m and n. For any two
(fixed) sites, the t,,, are taken to constitute a set of three
real numbers depending upon how the sites in question
are occupied:

both 4 atoms
both B atoms
one 4, one B atom.

b= Omny

= Bun,

= Ymn,

(3.1)

Formally, the @mn, Bmn, and ymn can be considered as
parameters which, to some extent, are adjustable. For
example, it is tacitly being assumed that the lattice
spacing is unchanged by alloying, allowing for a sen-
sible definition of a rigid periodic empty lattice. Real
lattice distortion may be accommodated to some degree
by the values chosen for the hopping parameters, or by
allowing them to have an appropriate concentration
dependence. For the purposes here, however, the sim-
plest assumptions are made, including the restriction
to nearest-neighbor hopping interactions only. Addi-
tionally, the empty lattice is assumed to have cubic
symmetry. The explicit subscripting of @, 8, and v, is,
hence, no longer necessary. The configurational average
of tmyn over the random occupations of any two nearest-
neighbor sites is then simply

1= ()= 2%+ y2B3+2xy7, (3.2)
where x=N4/N is the concentration of type 4 atoms
and y=Np/N=1—x is the concentration of type B
atoms. The factor of 2 in Eq. (3.2) accounts for the two
ways in which the nearest-neighbor sites can be occupied
by different atoms. One can also write Eq. (3.2) as

t=xta+yiz, (3.3a)
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where Therefore, keeping in mind that the exponential factors
ta=xa+yy, (3.3b) in (3.8) are purely geometric, we have
tg=2xy+98. (3.3c) (k| V]q)y=0. (3.11¢)

The “partial averages” {4 and ¢ are obtained by averag-
ing over the occupation of one site, fixing the occupation
of the other by either an 4 atom ({4) or a B atom (¢3).
The partial averages are convenient devices for perform-
ing two (or multiple) site averages over products of
matrix elements, such as occur in Subsec. IIIB. The
averaged diagonal matrix element of (2.2) is simply

(3.4)

Combining these results with the definitions in Sec. II,
we have, for the virtual crystal energy,

ER)= e+ (K),

e=(en)=2xes+yep.

(3.5)
with

Wk) =t Y e r=1B(k). (3.6)

The sum in (3.6) is over nearest-neighbor lattice vectors
o, and B(k) is the nearest-neighbor structure factor:
—Z< B(k)< Z, Z being the number of nearest-neighbor
sites. With the sign conventions in (2.2), the hopping
matrix elements are negative numbers. The half-
bandwidth of the virtual-crystal band is therefore

=—Zt, 3.7

a positive number. Thus, the lowest-order effect of off-
diagonal randomness in (2.2) is to introduce a concen-
tration-dependent alloy bandwidth, which, according
to (3.2), varies parabolically in either x or y; a special
case results if 2y=a+p, giving a linear dependence of
w on ¥ and y. When the three parameters are equal, it
follows from (3.2) or (3.3), and the identity x+y=1,
that ¢ is then independent of concentration.

B. Weak-Coupling Correction

Combining the various definitions introduced in Secs.
II and IITA, the matrix element (k| V| q) which appears
in Eq. (2.14) takes on the form

& V|Q)= N1 T o0 Rl 5 gk, ], (3.8)
n m(n)
where
Vp=€,—€ (3.9)
and
(3.10)

The symbol 3 ,.(ay indicates a sum over sites # which are
nearest neighbors to the site indicated in parentheses,
and @n,=Rn—R, is the appropriate nearest-neighbor
position vector. From the definitions of € and ¢ in (3.4)
and (3.2), respectively, it follows that

(va)=0

hmnz bmn—1.

(3.11a)
and

(Brn)=0. (3.11b)

Using | (k| V]q}|*=(k|V]q)(q|V|k) and Eq. (3.8),
we have, for the averaged square of the matrix element,

(&|V|q)|D)=N"2 Y eil@ k) (Ru—Ra)

n,n’

XL@aw) T o m o i)

m’(n')

_|__ Z e—-q’k-pmn(vn,hmn)

m(n)

+ Z Z e—‘ik-Pmng—iQ'Fm'n’<hmnhm/nr>:|. (312)

m(n) m’(n')

Three distinct averages are involved in the analysis of
Eq. (3.12). In each case, the average of the product
factorizes into the product of the averages when the
sets of indices labeling each factor share no site in
common. Thus, recalling (3.11),

(ontnr )= (ou)(vn}=0,  n>n
<'Unhm’n’>= (vn><hm’n’>=07 'I’L?ém' or n (313)
(hmnhm’n’> = <hmn><hm’n'> = 07

unless the pairs (m,7) and (m'n’) share a common index.
The nonvanishing averages are represented by

!

avny=%), n=n'
Ol )= (vh), n=m' or n’
(Pemnlomr ) = (hih),
= ("),

The reduction of (3.12) using (3.13) and (3.14) is
straightforward, although somewhat lengthy. The
simplest program is to take each of the four averages in
turn, applying the rules of (3.14) to all possible distinct
cases which yield nonvanishing contributions. The re-
strictions on the indices encompassed in (3.14) lead, in
every case, to summations over nearest-neighbor lattice
vectors which can be written in terms of the structure
factor, (3.6), or products of structure factors. The
average (v,0,) gives a single term, corresponding to the
case n=n'. The two averages (Vulhmn) and {(vVnhimn)
lead to equal contributions, each involving two terms.
The most involved case, of course, is the average
(Runttms ), Which can be written as the sum of six terms.
It is worthwhile pointing out that while the hopping-
matrix element £,,, connects only nearest-neighbor sites,
the second-order scattering via the product #G/ involves
sites outside the nearest-neighbor shell of any given
site. In a typical scattering process, for example, an
electron can make successive hops (as distinct from
propagation via the Green’s function—the hopping is
an interaction) from a given atom to a nearest neighbor,
and then from there—after a “closed-loop” propaga-

(3.14)

one common index
two common indices.
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tion—to an atom outside the nearest-neighbor shell.
Such multiple hoppings generate a large number of
terms in the perturbative development of the alloy
Green’s function. Fortunately, the number of terms in
second order is manageable, and the results of the above
procedure can be put into the form

(I&[VIg)|*
= N[+ 2(h)(Bk)+B(@)
+ () (B(k)+B(q))*
+ (7)) — (k) (Z+ B(k+Q) ]

The single-site and two-site averages appearing in Eq.
(3.15) are determined from the definitions (3.1), (3.10),
and (3.14); the partial averaging mentioned in Sec.
IITA helps simply the algebra. We then have, in terms
of the model parameters,

(3.15)

(3.16a)
(3.16b)
(3.16¢)
(3.16d)

(@)=wxy(ea—en)?,
(vhy=xy(ea—ep)(la—15),
(hhy=xy(ta—15)?,

(W) —(hh)y= (xy)*(at+B—27)*,

where 24 apd tp are given in (3.3). Noting that the three
averages in (3.16a)—(3.16¢c) are products of common
factors, the result in (3.15) can be written as

(| V]g)]?
=wyN L ea—ep+ (la—1t)(Bk)+ B(q) ?
+ (xy)*(a+B—2v)(Z+B(k+q). (3.17)

The self-energy equation, (2.14), can now be reduced
using (3.17), (2.12), and Egs. (3.5)-(3.7) for E(q). The
¢ summation in Eq. (2.14), then, involves products of
the structure factors appearing in (3.17) with the
Green’s function G(E,q). Because of the assumed cubic
symmetry, these sums can be done exactly to second
order using the techniques found in Sec. IITI of the paper
by Wolfram and Callaway.” The result, which is a bit
cumbersome, is shown in the Appendix. Rather than
using this result, however, we note that (3.17) takes on
a simpler more intuitive form if the hopping integrals
are assumed to satisfy the relation

v=3(a+p).

The condition in (3.18) is not unreasonable in the limit
that a~@~y and could be viewed as resulting from an
approximation which neglects the difference between
the orbital wave functions of the 4 and B atoms in the
hopping integrals in comparison to the difference be-
tween the atomic potentials. Thus, given (3.18), Eq.
(3.17) becomes

([(&[V]@)|»)=2y@N)"[A®)+AQT, (3.19)

(3.18)

(1;6’1‘;)})10111115 Wolfram and Joseph Callaway, Phys. Rev. 130, 2207
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where
A(k)= Ea(k)—Ep(k), (3.20)
with
EA(k) = eA+WA(k) N (3213,)
Ep(k)=es+Wp(k). (3.21b)

E,(k) and Ep(k) are the Bloch energies for the pure
crystals of 4 atoms only and B atoms only, respectively;
Wa(k)=aB(k) and Wg(k)=pBB(k). The half-band-
widths for the two pure systems are ws= —Zo and
wp= —ZB. The half-bandwidth for the virtual crystal
(3.7) becomes, upon combining (3.2) and (3.7) with
(3.18),

W= W41+ yWs. (3.22)

We then have, for the virtual crystal energy (3.5),
E(k)=2zE4(k)+yEp(k). (3.23)

Thus, with the condition in (3.18), the virtual crystal
energy becomes simply the concentration weighted
average of the Bloch energies for the two constituent
crystals. The result in (3.19) can be compared to the
equivalent expression obtained within the single-site
approximation discussed in Sec. I. In the latter case, the
bandwidths of the two constituents are the same,
wa=wp=w, so that A(k)=es—ep measures the rela-

‘tive displacement of the two equivalent bands, which is

the same at all points on the Brillouin zone. The right
side of Eq. (3.19) then becomes equal to xy(es—er)?
independent of & vector. In the somewhat more general
case where the constituent bands have the same struc-
ture factor but different widths, the relative displace-
ment, as given by A(k), varies throughout the zone.
Subject to (3.18), this momentum-dependent displace-
ment enters the weak-coupling theory in a simple way.
With (3.19), the self-energy equation, (2.14) now

becomes
[A(k)+A(Q) ]

S(E k) =xy(4N) Zq: E—:m . (3.29)

Introducing the dimensionless variables
w=(E—¢)/w, (3.25a)
o(k)=(Ek)—e/w, (3.25b)
d=ay(ea—en)?/w?, (3.26)
A= (wa—ws)/(ea—en), (3.27)

and using the relation

A(Q)= (ea—ep)[1+Na(@) ], (3.28)

which follows (3.20)-(3.23), Eq. (3.24) can be written,
to second order,

2 (w)k) = 8{[1+Aa(k)+ 3 (w—o(k)) J'G(w)

[ ra)+iMe—26kK) ]}, (3.29)
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where
G(w) =wG(E)=N"1 % [o—a(k)—Z(w,k) T, (3.30)

and
Z(wk)=w"Z(Ek). (3.31)

With the variables w and @(k), the energies in (3.29)
are measured conveniently with respect to the center
of the virtual crystal band e= xes+7yep and normalized
to the virtual crystal half-bandwidth, w=xws+yws.
Thus, recalling from (3.5)-(3.7) that the virtual crystal
energy E(k) has the limiting values e—w < E(k)< e+w,
it follows that —1<a(k)<1. The quantity &, (3.26),
characterizes the weak-coupling limit in the single-site
approximation, as discussed above, while the parameter
A, (3.27), measures the difference between the half-
bandwidths of the two constituent bands relative to
their displacement e4—ep. With the aid of (3.20) and
(3.28), one can use the sign and magnitude of A to dis-
tinguish between various dispositions of the constituent
bands when both are compared on the same energy scale.
Positive values of \ correspond to situations in which
the lower edges of the symmetric 4 and B bands lie
closer together than the upper edges. Negative A corre-
sponds to the opposite case, the upper edges lying closer
together than the lower edges. For A=4-1, the lower
(upper) edges are coincident, while for |A| > 1, one band
completely overlaps the other. Since, according to
(3.28), the displacement A(k)=E,(k)—Ep(k) is un-
altered if the signs of A and w(k) are simultaneously re-
versed, it is sufficient in what follows to consider only
positive values of \; for <0, the appropriate behavior
can be inferred by changing the sign of (k) or, equiva-
lently, by interchanging the upper and lower parts of
the alloy band.

Now, using (3.29), an approximate single-particle
alloy spectrum can be obtained from the poles of the
analytic continuation of summand in (3.30) into the

lower half complex w plane:
w=o(k)+Z(w,k). (3.32)

The real part of (3.32) gives the dispersion relation

w2 (k)4 6F (w0 (k)), (3.33)
where
Fo(e(k))=[14+Na(k) ]* ReGo(a(k)+i0%)
—N1+Hae®)], (3.34)

and where we have taken?
ReG(o(k)+i0H)~ReGo(a(k)+i0)
=P.P. X [o(k) —a(Q) T

The function $Fy(w(k)) is plotted in Figs. 1 and 2 for
several positive values of A and for two crystal models.
The nearest-neighbor simple-cubic model is used in Fig.
1 with values for ReGy(w(k)) obtained from Wolfram

8 The symbol P. P. stands for “principal’part.”
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F1c. 1. Second-order correction to virtual crystal spectrum
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and Calloway.” In Fig. 2, we use the “elliptical” model
employed by Velicky ef al.,* which gives simply
ReGo(@(k))=2a(k). The latter model is also employed
in Subsec. C, where the defining relations are given
by (3.42)-(3.43). The corresponding curves for neg-
ative A can be obtained by noting that Fo(&;\)
= —Fo(—&, —\). Both sets of curves show that for
A#0 the spectrum tends to lie closer to the virtual
crystal limit @x=a(k) in the regions of the band char-
acterized by the smaller values of A(k)/w, (3.28), while
in the regions of larger A(k)/w—i.e., near the top of the
band for A>0—the departure from the virtual-crystal
result is markedly enhanced. The gradient of the spec-
trum Vier™>[ 14 6F'(o(k)) JVea(k) is correspondingly
reduced relative to Vi (k) in the region of small A(k)/w
and strongly enhanced where A(k)/w is larger, as can
be inferred from the figures.

The imaginary part of (3.32) gives rise to a spectral
width which, neglecting for the moment the refine-
ments of self consistency, can be written as

D~ayn[ A(K)/w Ppo(e (k) , (3.35)

where mpo(@(k)) = —ImGy(w(k)-+:0") is the density of
states of the symmetric virtual crystal band. The level
width I is, thus, particularly sensitive to the % de-
pendence of the separation E4(k)— Ez(k).

C. Density of States

The alloy density of states is obtained from the
standard formula

mp(w) = —ImG(w+10%), (3.36)

once equations (3.24)-(3.30) have been solved. The
dominant contribution to the density of states comes
from the neighborhood of the poles of the summand of
(3.30). Neglecting contributions to these poles which are
beyond second order allows us to approximate (3.30) by

w real

G(w)~Z1 " w)Go(w—2(w)), (3.37)
with
Golw)=N-1 % (w—ak)1, (3.38)
Z(w) =2(w,k) | 5 00=0, (3.39)
where
Z1(w) =1+ 0Z(w,k)/90(k) | 5 00 ~w (3.40)

= 1+HML(A+HM)Go(w—2(w)) —3)],

using (3.29). The Green’s function G(w), (3.37), is, thus,
known once Z(w), (3.39), is known. The required equa-
tion for Z(w) is obtained from (3.29), which gives, to the
desired order,

2(w)=[(1+20)Go(0—2Z()) —AN1+3w)]. (3.41)

For actual cubic structures, (3.41) must be solved nu-
merically. With the model employed by Velicky ef al.,
however, the equation can be made algebraic and readily
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solved. Thus, we take?
Go(w)=2[w—(w2—1)12], (3.42)

which, using (3.36), corresponds to a virtual crystal
band characterized by the density of states function

po(@)=21"1(1—H)'?,  |o|<1

3.43
_o, lo|>1. O

The function po(w) is symmetric about the center of the
virtual crystal band »=0 and has the typical square
root singularity at the wvirtual crystal-band edges
w==1, [cf. (3.25b)].

Following Velicky ef al., (3.42) can be inverted to ex-
press 2(w) in terms of Go(w—Z=(w)) and the relation
which results substituted into Eq. (3.41) to yield a quad-
ratic equation for the Green’s function. The physical
solution of this equation, which gives a positive density
of states, is then combined with Egs. (3.36), (3.37), and
(3.40) to give for the density of states p(w)=p(w;\):

mp(w; ) =Z{1+A[ X\ —8w(1+w) ]}

X[4C(w; N) —B*w; M ]2, (3.44)
for 4C—B220,
mp(w;N\)=0 for 4C—B2<0,
where
B(w; \)= —4w[1—46(1+A0)2]—4N6(14+2\w)  (3.45a)
and
Clw; N)=4[1—456(14+w)]. (3.45b)

For the case A=0, we have, from (3.44) and (3.45),

mp(w; 0)=2[1—45 —w?(1 —45)2]1/2
=2(1—45)[1+45—w?]V2, (3.46)

Although (3.46) was obtained for A=0, the normaliza-
tion of the energy variable w can still be taken as
w=xwa+ywp with wa=wp. Thus, mp(w; 0) is the self-
consistent weak-coupling result in the single-site ap-
proximation? with the effects of off-diagonal randomness
included only in lowest order. Comparison with (3.43)
shows the only effect in this limit to be a scale change,
the virtual-crystal half-bandwidth being enhanced by
the factor 14-24. The second-order effects of off-diagonal
randomness on p(w; \) can be more readily seen by sub-
tracting out the contribution of p(w; 0). Thus, in Fig. 3,
we show the magnified difference 107 p(w; A) —p(w; 0)]
for several positive values of N\ and with §=0.01. For
negative values of A\, one can use the symmetry relation

p(w; N)=p(—w; =N), (3.47)

which follows, for example, from (3.44), but more gen-
erally, from (3.36)—(3.41). The pronounced peaks at the
end points of the curves in Fig. 3 result from an asym-
metric shift of the alloy band toward higher energies
relative to the band characterized by p(w; 0), the shift
being larger at the upper edge, particularly as A increases

1.
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(for fixed §) through the range shown [cf. Subsec. B,
Figs. 1 and 27. The curves also show that p(w; \) is dis-
torted relative to p(w; 0) throughout the band, tending
to be enhanced (for A>0) in the lower portion and re-
duced in the upper portion.

The explicit concentration dependence of the theory,
which has thus far been suppressed, enters through the
parameters ¢, w, and §, as given by Egs. (3.4), (3.22),
and (3.26), respectively. In Fig. 4 we plot the density of
states p(E; \)=w"lp(w;\) as a function of E= e+ ww
and the concentration of the type-4 constituent for
A=2 and e4—ep=0.2, all energies being here renormal-
ized to F(wa+wp). The situation shown, thus, corre-
sponds to the wider type-4 (solute) band being centered
slightly above the narrower type-B (host) band but
completely overlapping it.® The zero of energy is taken
at the center of the host band. The vertical hash marks

6.6

A=2 4+

Ox7[plwN-plw0)] L

A=l 4

F1c. 3. Magnified comparison of density of states with A=0
result for §=0.01 in the “elliptical” model. The origins of the
curves are displaced vertically for display.

® Thus, considering only virtual crystal effects, the center of the
band shifts linearly as a function of concentration from ep to e
while the bandwidth increases linearly from 2wp to 2wg.
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wplE é(WA*Wa)

’0 5 |
Energy /% (Wa+Wg)

F16. 4. Density of states for A=2 and e4—ep=0.2 in units of
3 (wa+wp), and for several values of the concentration of the
A-type constituent; the energy origin coincides with the center of
the pure B band. Vertical hash marks along the energy axis indi-
cate virtual crystal edges; arrows mark extremal edges of the over-
lapping constituent bands.

along the energy scales indicate the edges of the virtual
crystal band, while small arrows mark the extremal
edges of the overlapping 4 and B spectra. Within the
resolution of the figure, the lower edge of the alloy band,
which lies in the region of small A/w, effectively coin-
cides with the virtual crystal edge over the range of
concentration, whereas the upper edge is shifted well
beyond the top of the virtual crystal band. The distor-
tion evident in the upper part of the band, where A/w is
large, is entirely the result of the effects of off-diagonal
randomness, characterized by the X dependence of the
theory.!® Similar behavior is exhibited for other values
of \, as indicated by the curves in Fig. 3. Thus, even in
the weak-coupling limit, one can expect significant de-
partures from the predictions of the virtual crystal
model when constituents having different bandwidths
are alloyed.

IV. CONCLUSION

The aim of this paper has been to indicate how the
compositional dependence of the hopping integrals tmn
enters into the theory of alloys based on the model
Hamiltonian (1.2). Given the assumption that the con-
stituent atoms are randomly distributed throughout the
crystal lattice, then, clearly, the randomness introduced
into both the diagonal and off-diagonal parts of the
Hamiltonian must be treated on an equal footing if the
fluctuations in the matrix elements about their average
values are comparable. We assumed that these fluctua-
tions were small so that the weak-coupling theory could
be employed, but there appears to be no straightforward

0 For A=—2 and the same value of e4—ep, the solute band is
narrower and centered somewhat below the host band; thus, for
this case Fig. 4 can be inverted about both energy and concentra-
tion axes. With increasing solute concentration, the virtual crystal
band narrows and shifts to lower energy. The departures from vir-
tual crystal behavior are now strongest near the lower edge of the
alloy band.
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way in which the above approach can be fruitfully ex-
tended to arbitrarily higher orders. The essential diffi-
culty, of course, is that, unlike the single-site model, the
scattering from individual sites cannot be decoupled;
the effective interaction which enters the perturbation
theory is inherently nonlocal, connecting neighboring
sites through the off-diagonal-hopping-matrix elements.
As the iteration of Eq. (2.9) is carried out to higher
orders, correspondingly more complicated averages of
the matrix elements occur which mix the diagonal and
off-diagonal parts of the Hamiltonian. In second order,
the simultaneous occupation of two and three sites had
to be considered, as described in relation to (3.12). In
next order, averages over four sites must be considered,
and so on. The perturbative development of the model
is, thus, useful only to the extent that the hopping inte-
grals are weakly dependent on composition. If the
atomic wave functions of the constituent atoms are very
much different from each other, then other approaches
are called for.!

The essential contribution of the present work is in-
corporated in the explicit determination of the con-
figurationally averaged square of the matrix element
(k| V|q) given by Eq. (3.17) or, with the approximation
in (3.18), by Eq. (3.19). In the latter case, the wave-
vector dependence of the theory enters in a particularly
simple way through the Bloch energies of the two con-
stituent bands. This in turn leads to a characterization
of the results of the theory in terms of the relative dis-
placement A(k) of the constituent spectra, a generaliza-
tion of the weak-coupling theory of the single-site model,
in which case A(k) = e4 —ep is a constant throughout the
Brillouin zone. Thus, not surprisingly, the second-order
corrections to the virtual crystal approximation are
smallest in the neighborhood of small A(k) and largest
in the vicinity of large A(k). The location of the alloy
band edges and the detailed structure of the density of
states near the edges are especially sensitive to the varia-
tion of A(k) over the Brillouin zone.

These results, of course, are specific to the model de-
fined by (1.2) and the various simplifying assumptions

1 For example, in Ref. 5, the “pseudoatomic limit.”
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which have been made, such as the limitation to nearest-
neighbor hopping. Nevertheless, they should be indica-
tive of the type of behavior which can be expected from
a more sophisticated approach to this complicated
problem.
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APPENDIX

Using Egs. (2.8), (3.5), and (3.6) above, and Sec. I1I1
of Ref. 7, it is straightforward to obtain for a lattice with
cubic symmetry

N7 2 B(QGo(E,q) = —Zw 'g(E) (A1)
q

N BAQGE,Q) =22 (E—e)go(E), (A2)

N3 Bk+q)Go(E,q) =Zw W (k)go(E),  (A3)
where

go(E)=(E—e)Go(E)—1, (A4)

(AS)

Go(E)=N713% Go(E,q),

and > x B(k)=0. The effect of replacing Go(E;q) by
G(E,q), (2.12), on the left-hand side of (A1)-(A3) is to
make the same replacement on the right-hand side and
to give extra terms which are proportional to powers of
the self energy; these additional terms are higher-order
corrections which must be systematically neglected.
Thus, to desired order, substitution of (3.17) into (2.14)
gives, using (A1)-(AS) with Go— G

E(E,k) = xy{[eA—eB~Z(tA —tB)(E+E(k) —26)/70]2
+Zxy(a+B—27)"[ 1+ (E—e)(E (k) —o)/w* [} G(E)
+ayZw [ 2(es— EBZ(tA —1I)

—Z(ta—15) (B 2B (k) —3¢)/w
—ay(at+B—2y)(E&) —9/w]. (A6)



